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Definitions:

1-
2-
3-

r w2

Hyperbolic sine of x : sinh x =
Hyperbolic cosine of x : cosh x =
Hyperbolic tangent of x : tanh x =

Hyperbolic cotangent of x :

Hyperbolic secant of x : sech x =

Hyperbolic cosecant of x :

X

er—e

—X

eX +e*

sinhx eX —eX

coshx  eX+e*x
cosh x e +e X

coth x == =
sinh x eX—e=X
. 2
cosh x exX +e~%
1 2
csch x =— =
sinh x eX—e=%




ldentities:

1-

Hh w N

cosh?x — sinh?x = 1
tanh?x = 1- sech?x

coth?x = 1+ csch?x

cosh2x -1
2

cosh 2x+1
2

sinh?x =
cosh?x =

sinh 2x = 2sinhx coshx
cosh 2x = cosh?x + sinh?x

cosh(-x) = cosh x and sinh(-x)

sinh x




9- cosh x+ sinh x = e*

solution:

) eX +e X eX —e™X eX 4 e X 4 X —
cosh x+ sinh x = ———+ = //2 /‘/{ex

2
10- cosh x - sinh x=e¢™*

eX +e X eX —e X _A_xye/-l-e_x
2 2 2

11-  sinh(x+y)= sinh x cosh y + sinh y cosh x

solution:

cosh x - sinh x = X

=e

12- cosh(x+y)= cosh x coshy + sinh x sinh y




Derivatives: —

d , . B du
1- E (sinhu ) = coshu

dx
d . du
2- — (coshu ) = sinhu - >9.0
d B 2 du
3 — (tanhu ) = sech” u o
4- L (cothu) =-csch?u &
dx dx

5- % (sechu)=-sechutanhu% — WJlw

du
dx
_/

6- % (cschu ) = - ¢sch u coth u




Example 1: Find the derivative of y=sinh 3x.

Solution: % y'=cosh (3x).(3)= 3 cosh (3x)

dx_

au9l3)] aa

Example 2: Find the derivative of y= tanh(1+ ¢2*)

Solution: & y'=sech?(1 + e?*)(2 e?*)=2 e?* sech?(1 + e*¥)

dx

ayol3Jl dasi

Example 3: Find the derivative of y= cosh(ln(x))

sinh(lnx)
X

LAY 1 _
Solution: =Y sinh(lnx) . .

auol3)l ddi




Example 4: Find the derivative of y=sinh3(5x).

i o5 3 Ll sl £99,0 Lwed LulS @l s
Solution: < 7 sinh?(5x).(Cosh(5x). 5) = 15 sinh?(5x)Cosh(5x)

(owsll ol) (3515 io oy Lusall) (pusall Jols daiinn )

Example 5: Find the derivative of y= sech (%)

Solution: % = y'= - sech G) tanh G) (;—;)= (%) sech G) tanh G)
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Derivatives: 4wSall 40 31 Al J)all cilaisia
1- d(sinh™1u) _ du/

(eosht) _ 4,

d(cosh™u do

i = = > 1

2 dx__ Vuz-1’ u

3 d(tanh™1u) _ /d;c <1
d{l c}u_/u

4 d(coth™ u) _ dxy| > 1
d—l 1_&Lu/

5 d(sech u):—i,0<u<]_
dx ua/l—iu2

d(csch™1u) u/,
B - ,u# 0.

dx lu|vV1+u?



Example 1: Find the derivative of y=sinh™1 (2x).
dy 2 2

I ¢ — = = —
Solution: =Y TriGe: | Virae

Example 2: Find the derivative of y=(1-x) tanh™!x.

. ady I_ (1 _ 1 -1 B
Solution: —= = y'= (1—x) — +ttanh™ x.(=1)

a (1—x)
= — tanh™ 1 x
(11x)(1+x)

_ B ~1
= oD tanh™ x

Example 3: Find the derivative of y=cosh™!(secx)
dy dy  , secxtanx _secxtanx _secxtanx

Solution: = =y = = =
dx  dx Y Vsec2 x — 1 Vtan? x tan x

— SeCX.




Exercises : Find Z—z in Exercises (1) - (6)

(1) y = In(sech x).
(2)y = Ztanhg .
(3) y = In(cschx + coth x).
(4) y = tanh™1(sinx).
(5)y = x?% csch™1 (x?).
(6)y = (1 —x%) coth™x
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Definition: (Indefinite Integral) 2asall e Jalsill
The set all antiderivatives of f(x) is called indefinite
integral of f with respectto x and denoted by:

[ f(x)dx = Fx)+c

I 1 ﬂ

Jealal) 3 ,LE) Jalsal) ddla Jal&al) cull



Basic Integration Formulas

1. [kf(x)du=k [ f(uwdu

2.
3.

4.

C

[fw) £g®]du = [ fwdu + [ g(wdu

C

C

du=u+c
un+1

(U™ du = +c,n+—1

n+1

du
= = In|u| + ¢
u

[eldu = e* + ¢



7. [sinudu=—cosu+c

8. [ cosudu=sinu+c

9. [tanu du = —In|cosu| + ¢

10. [ cotudu = In|sinu | + ¢

11. [ secu du = In|secu + tanu| + ¢

12. fcscu du = —In|cscu + cotu| + ¢
13. [ sec*u du = tanu + ¢
14. [ csc®*udu = —cotu + ¢

15. [secutanu du = secu + ¢
16. [ cscucotudu = —cscu + ¢

du . _qU
17. fm—sm —+c

1 -1 u
18. fa2+u2——tan —+c
sec™t |+c

19 =g



SR

(Asisall gl JalS ol aadaid g1 ) pdilaad) JalSal) 11 g¥) 48y
2
Example (1): Evaluate the integral [(3x* + x3 — 2 x™* —+/2) dx

2
Solution: [(3x* + x3 — 2 x™* —/2) dx
S
5
=3x5 5—2——\/—x+c

3

?; 5 42 x3+——\/ x + c.




Example (2): Evaluate the integral f\/(Bx — 1)3dx
3
Solution: [ 1/ (3x — 1)3 dx = f§(3x — 1z dx

5
_1(3x-1)2 _ 2 - 5
= g +c—15(3x 1)z +c

Example (3): Evaluate the integral [(x? + 1)® x dx

2 4
Solution: f%(xz +1)3 dx= %(x +1)

+c=%(x2+1)4+c



vi1+tan x
—dx
CcoS%x

dx = [V1+tanx sec?x dx

Example (4): Evaluate the integral |
V1+tan x
cos?x

Solution: [
1
= [(1 + tanx)z sec*x dx
3

(1+tan x)2
= 3 + C

2
Example (5): Evaluate the integral [ /1 + sin2x dx

Solution: f\/lwf \/w Sinzx)y cosx) dx

= [Vcos?x + 2sinx cosx + sin?x dx =/ /(cos x + sinx)?2 dx
= [(cos x + sin x) dx = sin x — cos X +c




e Exercises : Evaluate the Following Integrals

1 [
(a+bx)3
2. [In(sinx) cotx dx .
3 r dx
Y (2 V1)V
4. [+1+ cos6x dx.
1
5. fx%x dx.
6. [(x®+6x3+9)°x?%dx.
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(Definite Integral) dasall Jalsill

The integral ff f(x)dx is called the definite integral of the function
f(x) over the interval [a, b].

Properties of definite integral 2aal) Jalsil) al

(1) [ fe)dx =~ [ f(x)dx .

2) [ f()dx=0.

3) J, k f@dx =k f, f(x)dx .

@) [IfC+g@ldx = [ f)dx + [ glrdx.

(5) f;f(x)dx = facf(x)dx + fcbf(x)dx for cela,b].




Example (1): Evaluate the integral f_23(6 — x — x?%) dx

Solution: f_23(6 — X — xz)dx=[6x — gz — ?]_3
- [62) - @F_ @7 _[g(—3) - &2 _ ]
- [12-2- 310+ 9]- 1025~
_ 19_2 +§= 194 Z16%27 _1g. 161= 125 |



Example (2): Evaluate the integral f: sin x dx

Solution:fgr sinx dx = —cosx|} = — (cosm — coso)
= -(-1-1)=-(-2)=2
] . %sin 2x
Example (3): Evaluate the integral [ - d

sin 2x

dx = [¢(cos2x)™?sin2x dx
=(—iz) J¢(cos 2x72_2 (—2) si7rTl 2x dx

-1 ((COSZx)_l)E_l( 1 )E
2 -1 0o .2 \cos2x/g

1

T
Solution: [ £ ——"—

1

2—1] =

1 __ 1t ]2 __t ]
2 _COS(Z %) COS(Z (0))]_ 2 lcos(g) COS(O)]_
1
2

1

2

1
1

B

1

1

|



1
Example (4): Evaluate the integral foz(x3 + 2)z x* dx

- 2.3 > 2 L\ (%(,3 - 2
Solution: [ '(x* + 2)2 x dxz(g)fo (x3+2)2 (3)x?dx
212

3,2 3 3
-2 (3 4 292l 22| (@2 + 2)7 - (0% +2)7)
0

(8 +2): - @:l=2[10): - @2]=2[y@0)7 - V@27]
V1000 — v8]=2[10v10 — 2v2].

OIN O



Integration By Substitution (= sadll Jalsdll
el I T= [ f(g(x)g' (x)dx S g 46, Hhall oda Jias
LGS s [ fw)du

du = g'(x)dx »iar u=g(x)o=ss (1
Al Je Jeasil g(x) AV ¢y 4l 5 dudVu dx 4l (e e (2



. dx
Example (1): Evaluate the integral fi/ll‘Tx

Solution: I = fm (1 —2x)3 dx
Let u=1-2x — du=-2dx
du
sdx = —
-1 _ L2
I = u?c_l—lzt= fus du——lu—3+c——u3+c

x May Qr—uayug‘ﬁ\ ;
— 2
I=T(1—2X)§+C

Example (2): Evaluate the integral I = fsinZSx cos5x dx
Solution: Let u=sin5x — du= 5cos5x dx

du
dx - 5c0s5x
I—f'ZS Sd_IZCOSSX _j 1d 1u3+ u3+
= | sin®5x cosSxdx = | u® ————du = uSu—53 c=pte
sin5x)3
I=( )+c

15



Example (3): Evaluate the integral 1 = [x e* *1dx

. d
Solution: let u= x4+ 1 - du = 2x dx —>dx=2—Z
d 1 1
= [e*x == - [et*du=-e%+c
o 2x 2 2
| = =¥t 4 ¢

2

Example (4): Evaluate the integral [ = fol(x2 + 1) xdx

Solution: let u= x?*+1 - du = 2x dx —>dx:621—;‘

at x =0 -u=1
atx =1 -u=2

-1—[2 1d_1u22_1(4 3
R Mt I AN
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:Integration by Parts 4 )il Jaldl)

(SIS Gmgale sl Ly AVL A83le Ladaa (ul (il (e Jiala Lt OIS (e 585 le V) B oo
fudv=uv— [vdu - sl sl

V L i Lagl 5 U Lga i DAl (g) anast oy 8 Lelami 3 ghad (o) 48 yall o2a

v Lo i JalSll LGN A, g GsEsasl ALEN Al e s Wl

Example (1): Evaluate the integral [ Inx dx
Solution: let u=Inx , dv = dx
du = idx, V=X
fudv=uv—[vdu
fudv= [Inxdx =xInx —fxi dx
=xlnx — [dx

=xlnx —x+c¢



Example (2): Evaluate the integral [ xInx dx

Solution: letu = lnx ,dv = x dx
2
du==dx ,v=%
x 2
Judv=uv—[vdu

2 2
X x< 1
[xInxdx==Inx — [= .= dx
2. 2 x
X 1
= —Ilnx — = [xdx
22 22
X X
= —lnx — —+c
2 4

[udv

Example (3): Evaluate the integral [ x e* dx
Solution: letu = x ,dv = e* dx
du = dx v =¢e*
fudv=uv—[vdu
Judv= [xe*dx=xe*—[e*dx
=xe* —e*+c



Example (4): Evaluate the integral [ x* e* dx
Solution: let u = x?% dv = e* dx
du = 2x, v=e*
fudv=uv—[vdu
fudv= [x%*e*dx=x%*e*—[2xe*dx .. (1)
et u =2x |, dv = e* dx T
du = 2, v=e* A0l 5 e JalSo cllal 45 janlly JalSs Lyl
Judv=uv—[vdu
o [2xe¥dx =2xe* — [2e¥dx
=2xe*—2¢e* . (2)
(1) Ao 3 (2) Abile s
[x?e*dx =x*e* — (2xe* —2e%*) +c

=x2eX —2xe¥ 4+ 2e¥+c




Tabular Integration

S35 Sl e e WS Koy f) 055 [ F0)g(0)dx Sl ey i
208 LS5 Ky ) Al 5 CLBELEY) e 2y (% - 0) &) LDlaal )
S aal pa Jall AN A yLal) it iyl e

Leilsiday f(x) LBkl g(x)

f(x) g(x)
oA
f'(x) \\» [gl)dx = g,(x)

e [g1G0dx = g ()
e T [gdx = ga()

o T

ftx)=0 e fgn—l(x)dx = gn(x)

TSl Al gl oS
JF)g@)dx = f(x). g1(x) — f'(x) g2 () + () gs(x) — ... (BfF D (x)gn(x) +c



Example (5): Back to Ex(4) [ x? e* dx
Solution: let f(x) = x? and glx) = e*
f(x) and its der. g(x) and its int.

x2 + eX
guial ZX\ex Ll

2
- 0 e* —

[x% e*dx=x%e* — 2xe* + 2e* + ¢

Example (6): Evaluate the integral [(x3 — 2x% 4+ 3x + 1) sin 2x dx
Solution: let f(x) = (x3 —2x%2+3x+ 1) and g(x) = sin 2x
f(x) and its der. g(x) and its int.

x3 —2x%2 4+ 3x + 1& sin 2x
3x% —4x + 3 \;—ICOS 2x
6x-4& %sin 2x
6 L cos2x
\ .
0 L sin 2x
16

f(x3 —2x%+3x+ 1) sin 2x dx = (x> — 2x* + 3x + 1) (_2—1 cos Zx) — (3x? —4x + 3) (%1 sin Zx)

+ (6x-4) (8l CoS Zx) -6 (% sin Zx) +c



Example (7): Evaluate the integral [ e* sinx dx

Solution: letu = e”* ,dv = sinx dx
du = e*dx V= —COSX
Judv=uv—[vdu
~—fudv= [e*sinxdx=—e*cosx+ [e*cosxdx ..(1)
letu = e* ,dv = cosx
du = e”* U = sinx
[ e*cosxdx=e*sinx — [e*sinxdx (2)
(1) Uslaa 3 (2) Wsbaa on gas
[e*sinxdx =—e*cosx+ [e*cosxdx =—e*cosx+ e*sinx — [e*sinx dx

21l e*sinxdx =—e*cosx + e*sinx
f 1

e”* sinx dx =Eex (sinx —cosx) +c



Exercises :
(1) [ x*In(x + 1) dx
(2)f x (Inx)* dx.
(3)f (x> + x% + x + 1)e™%* dx.

(4) [ e~ sinx dx.

Ghthl—xdx.
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Certain Powers of Trigonometric and Hyperbolic Integrals

Consider the following integrals form:

(4) f sin™u cos™ udu or f sinh™ u cosh™ u du
(B) f tan™ u sec™ u du or J tanh™ u sech™ u du

(C) fcotm u csc™udu or fcothm u csch™ u du



Under Type (A), there are three cases:

Case 1: If m isodd and positive integers , we factor out sinu (sinhu) and change the
remaining even power of sinu (sinhu) to cos u ( cosh u ) using the identities:
2u=1-cos*u , sinh® u = cosh®*u — 1
-3
Example (1): Evaluate the integral fsin5 2x cosz2 2x dx
-3 -3
Solution: [ sin® 2x cosz 2x dx = [ sin* 2x cosz 2x sin2x dx

—3 —3
= j(l — c05%2x)% cos 2 2xsin2x dx = j(l — 2 c05%2x + cos*2x) cos 2 2xsin2x dx

sin

~3 1 5
= j(cosT 2xX — 2 cos22x + cos§2x) sin 2x dx

-3 1 5
= f(cosT 2x Sin2x — 2 cosz2x sin 2x + cosz2x sin 2x) dx

—1 3 7
1cos 2 2x cos22x . —1cos22x -1 2 3 1 7
[ S 3 7 ]+C= COS 2 2X+§COSZZX—;COSZZX+C

2 2 2



Case 2: If nis odd and positive integers, we factor out cos u (cosh u)
and change the remaining even power of cos u (cosh u ) to sin u (sinh u)
using the identities:

cos*u=1-sin*u , cosh®* u = 1+ sinh? u

Example (2): Evaluate the integral [ sinh* 3x cosh® 3x dx

Solution: [ sinh* 3x cosh® 3x dx = [ sinh* 3x cosh* 3x cosh 3x dx

= j sinh* 3x (1 + sinh? 3x) cosh 3x dx

[ (sinh*3x cosh 3x + sinh®3x cosh 3x ) dx

[1 sinh® 3x 1 smh73x
3 5

sinh® 3x = sinh’3x
] +C = + +C
15 21




Case 3: If both m and n are even and positive integers ( or one of them zero) , we

reduce the degree of the expression by using the identities:
cosh2u —1

2
cosh2u+1

2

. 1—cos2u .
sin‘u = . . sinh*u =

14cos2u
cos°u = . . cosh®u =

Example (3): Evaluate the integral [ sin® 2x cos? 2x dx

Solution: [ sin* 2x cos® 2x dx = f(l_C;S4x) (1+C§S4X) dx

= Zf(l — cos4x)(1 + cos4x) dx

lf(l — cos*4 x)dx = lf (1 — (1+C058x)) dx

2
1

= —f( ————cosSx)dx— —f(———cosSx)dx

= l[——ism 8x]+C
412 16



Under Type (B), there are two cases:

Case 1: If n iseven and positive integers, we factor out sec?u (sech?u) and change
the remaining even power of secu (sechu) to tan u ( tanh u ) using the identities:

sec’u=1+tan’u , sech’> u =1 —tanh?® u
-1

Example (4): Evaluate the integral [ sech* g tanhs gdx
-1 -1

Solution: [ sech* g tanhs %dx = [ sech? % sech? % tanhs %dx
= j(l — tanh? f) sech? = tanh_?1 ~ dx
B 2 2 2
2 x 8
—“1x X 5x X tanh3 > tanh3 >
= f (tanh 3 EseChz 5 tanh3 EseChz E) dx = |2 2 —9 5 Ty
3 3

tanh3 — —

8 x|
l 2y 3tanh3 7] .
- 2 4 ¢



Case 2: If mis odd and positive integers, we factor out sec utan u (sech u tanh u) and
change the remaining even power of tan u (tanh u) to sec u (sech u) using the identities:

tan®u = sec?u—1

)

tanh?u =1 — sech® u

-1

Example (2): Evaluate the integral [ tan® 2x sec+ 2x dx

-5

Solution: [ tan® 2x secs 2x dx = [ tan® 2x sec* 2x (tan2x sec2x) dx

-5

= | (sec®2x — 1) sec’® 2x (sec2xtan2x) dx

-5

3
= J[secZ 2x —sec 4 Zx] (sec2xtan2x ) dx

-5

3
= f [secZ 2x (sec2xtan2x ) — sec 4 2x(sec2xtan2x )| dx

7
1 sec4 2x

2

/
7

1sec 4 2x
2 -1
4

-1

+C

2 7 -1
= 7SQC4ZX+256C4 2x + C



Under Type (C), there are two cases similar to those of type (B) where
The identities:

Case1l: csc’u =1+ cot®*u , csch? u = coth*u — 1

Case 2: cot?u =csc?u—1 , coth® u =1+ csch® u



Exercises :

(1) [ sin® 2x dx

-1

(2)f cos®x cosz x dx.

(3)
(4) |

[ csc® x dx .

tan3 x secx dx.
1

(5) .

. sinh* x dx.
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Trisonometric Substitutions: 4l cilizay gadll

If the integral involve one of forms Va2 —u2, Va2 + u? ,vu? —a?,

a’ —u?, a® + u? or u?

— a?. Then the substitutions as follows:

(D) IfVvaz —u?, let u=asind —» a? —u? = a? cos?6

(2)IfVvaz +u?, let u=atanfd — a?+u® = a? sec?d

(3) IfVuz —a?, let u=asecd —» u?—a?*= a®tan?6

(1) C (2) vat +ul (3) u
u ‘ U‘ u —a’ ‘ |

el el (-7, (752 -7
o8 e e
2 2 (WEFF, bneaa < o' = oy
(T, =t - o= Fruf
i a



Dol Al g e sl Ay Hlat andtiun AN Gl Je G jeda Al Al Al
ol e+ Jaall ma e = il & e
(1) o il 8 36

[EA]
[

. . u
u = asinf -» sin@ = - u

T Al

@? = w)? + (Lssd)’
(Ostaad)” = a2 — u?

ostaddl = ya? —u?

(3)5 (2) i) Slia () dpnily A

a2 _u2



Example (1): Evaluate the integral fﬁiz

Solution: method (1) 4sSall J) sall JulS3 (o $6 e

dx 1 _1X
[—=tan"'=+C
4+x 2 2

method (2)
x = 2tan@ - tanb =§ - 0 = tan™
dx = 2sec?0 d6b

f dx _fZSQCZQdH _f 2sec?0 db _fZSeCZHdH_lde_lg_I_C
4+ x2 ) 4+ 4tan?0 ) 4(1 + tan?6) 4sec?d 2 2

1 . x
=Ztan~ 1z
2 2

1

N | &R

+C



V3
Example (2): Evaluate the integral f2 V1 — x2dx

Solution: x = sinf at x _g - ‘/2—__51719 — 6 _g
dx-costH at X_—%—)—%:SinHeH:—%
V3
fz \/1—x2dx—f3 V1 — sin?0 cos6 db
6
_fgn COSZH do = f3 1+cos 26 46

2

st 2 ) (Ed )

1= 1\7§n1\/_ _1fm V3| m++3
—‘[ 22 "6 [‘+—]— z

2

3

2 2




Vx2-7

Example (3): Evaluate the integral f " dx
e _x — -1x
Solution: x = \/7secO — sech = 7 — 0 = sec 7
dx = /7 secO tanf do x2 —17

dx = \V7secB tanb do

f\/xz —7 V7sec?6 — 7
X \7 sech

7 tan®
= | ———/7secO tanB d = f\ﬁtanze do
7 sech
=7 [tan (sec‘1 %) — sec™ ! %‘ +C

=7 [(sec?0 — 1)dO = 7[tand — 0] +

B Vx2-7 1 X
01‘—\/7[\/7 — sec \/—7]+C



Exercises :
dx

(1) J 7.

(9-x2)2

—2+/3 d
A

x2dx

x2+4"

3) [

@ )] =
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Integrals Involving Quadratic Functions
Aan ) 52 Gl SOOI

If the integral involve a quadratic function x? + ax + b, we reduced
It to the form u? + B by completing tgme square as follows:

x2+ax+b=x2+ax+az2+b—%
=(x+5) +(0-%)

=u’+B
Then the solution can be found by Method [4] or [5].

Example (1): Evaluatethemtegral fm

dx
X

J1—(x—1)2

letu=x—-—1 - du = dx

j o f e nu+C=sin"t(x-1)+C
= =SsSin ~u = Sin X —
\/1—(x—1)2 V1 —u?




f (4x+5)dx3

Example (2): Evaluate the integral
(x2-2x+2)2
(4x+5)dx

B (x2—2x+1+1)2 ((x- 1)2+1)2

f (4x+5)dx

Solution:] = [ —&X+5)d4%

(x2- 2x+2)2
u=x—1 -»x=u+1
du = dx
L [_(x+5)dx (4(u+1) +5)du [ (4u+9)du
- - 3 3
((x —1)2%+ 1)2 ((u)2 + 1)2 (u? +1)2
4udu 9du 5 -3 9 du
[ I e o 20
(u2+1)2 (u2 +1)2 (uz2+1)2
_Z(u +1)2 +9f du — -4 +9f du i
5 w?+1z VUL (u2+1)2
Consider [ —2“—
(u2+1)2
Letu = tanf — du = sec?6 dé
du sec?0do sec?6do sec?6do
3 = 3 = f 3 — 1 u
(u2+1)2 (tan26+1)2 (sec20)2 (sec?0)(sec26)2
20do
=[—= = [——dO = [ cos® dO = sinf + C =
GOy T Caqpou  —a49(x—1) "M _a49x-9 9x — 13
= +C= +C= +C
u? +1 - Jx-D2+1 V2 —2x+1+1 Va2 —2x + 2

= +
Vuz+1 Vu+1



Exercises :

dx
(1) *ﬂ-x2+2x+5

(2)
(3) [

(x— 1)Jx2 2x—3
x2+2x
x+1
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Integration of Rational Functions
(J}.ﬂs mﬁ)m ) 4 puST) J) gall Dl

Definition: A rational function is a quotient of two polynomials, written

as R(X) = (I;;((x)) Q,,(x) #= 0 where P,(x) and Q,,,(x) are polynomials

Of degree n and m respectively.
(1) If n = m, we perform a long division until we obtain a rational
function whose numerator degree less than to the denominator.

Example (1): Evaluate the integral f(x (_3_9;5) d x—1
(x2-3x+5) _ 3 2
Solution: [ 2 dx = | [(x 1) +—|dx x2 | x*—3x+5
x> + 2x
= x% —x+3Lnlx - 2| +C X+5
+x + 2



2
Example (2): Evaluate the integral f’;zii dx 1

2
Solution: [ =22 dx = [ (1 +——) dx x*+1  x%+2
xX2+1 xX2+1
=x+tan *(x) +C x4

1

p .
n () into a sum of

Qm(x)

(2) Ifn < m, we shall discuss the three cases of separating

partial fractions.

Case (1): If the m factor of Q,,,(x) are all different and simple, thatis,
Qn(x) = (x —ay)(x—a,) ..(x — a,). Then we assign the
sum of m partial fractions to these factors as follows

Aq Ay Am
Gmap) T wmap T G
constants must be evaluated.

where Ay, A,, ..., A, are



x243x+3

Example (3): Evaluate the integral [ ——— dx
. 243x+3 243x+3 A B C
Solution: = +3x+ =S L4~
x5 —x x(x—1)(x+1) x  x-1 x+1

_ A(x-1)(x+1)+B(x)(x+1)+C(x)(x—1)
o x(x—1)(x+1)

x2+3x+3=Ax-DxE+1D)+BxX)x+1)+Cl)(x—-1)
atx=0 -3=40-1)(0+1)+0+0->4=-3

atx =1 —>7=0+B(1)(1+1)+0—>B=§

1

atx=-1-1=0+0+C-D(-1-D->C=7

oAl A,k )
x2+3x+3=Ax%>— A+ Bx%?+ Bx + Cx?—Cx
=(A4+B+C0)x*>+(B-C)x—A

(A+B+0C)=1
B-C=3 A=-3,B=2% Cc==
2 2

-A=3

x%®+3x+3 A B C
‘-J—dx=J —+ + dx:j
x3 —x x x—1 x+1

1) dx

7 1
31nx+§ln(x—1) +Eln(x+1)+C



Case (2): Repeated factors of Q,,(x) suppose (x —a)” is the highest power of (x — a)which divides Q,,(x) .
Then we assign the sum of r partial fractions to these factors as follows:

Aq Ay Ay
) + )2 + -+ e where A4, A,, ..., A, are constants must be evaluated.
- | x3-3x2+4x-2 A, B ,_¢ D E F G
O XM D2 D (x+2)?  x T 1) | =12 T (x+1) T x+2) T +2)2 | (x+2)3
) . (x+5)
Example (4): Evaluate the integral f—(x+2)(x_1)2 dx
Solution: G S + 5 + ¢

(x+2)(x-1)2  (x+2)  (x-1) (x—1)2
_ A(-1)%2+B(x+2)(x—1D)+C(x+2)
a (x+2)(x—1)2
x+5=A(x — 1)? +B(x+2)(x — 1) + C(x + 2)
atx=1-6=04+04+3C -C=2

atx=—-2 -3=94A4+04+0 o A=

WlRr Wik

atx=0>5=-—-2B+4 >B=—

1
3 2

1
f(x+2)(x—1)2 dx=J x4tz x1 T (x—1)2 dx = 3ln(x +2) 3ln(x 1)

(x-1)

+C



Case (3): Quadratic factors of Q,,,(x) suppose
(x? + ax + b)" is the highest power of

(x% + ax + b) which divides Q,,(x) .
Then we assign the sum of r partial fractions

to these factors as follows:

A1x+B, A,x+B, Ay x+By
+ e where 44, 4,, ... , A
(x2+ax+b) = (x%+ax+b)? (x2+ax+b)" 1, 425 - Ay,
B4, B,, ... ,are constants must be evaluated.

2

X“+2x—5 A B C Dx+E

For example x%(x—=1) (x%+1)(x%+2x+2)? X + x? + (x—1) + (x%+1)
Fx+G Iglx+1

(x%4+2x+2)  (x%+2x+2)2

_I_




5_,4_
Example (5): Evaluate the integral [ ——— XS dx

x*—2x34+2x2-2x+1

Solution:

x+1

x>—x*—=3x+5 ~

xt =203 +2x2 —2x+1 x5 FE2x2F 03 F 42 4 &
x* —2x3 4+ 2x%> —4x +5

—x4E 23 F 242 T 2x F1

x°>—x*—=3x+5 -2x+4 ~2x+4
Jx4—2x3+2x2—2x+1 dx:,[(x+1+x4—2x3+2x2—2x+1)dx
=x—2+x+J Text A dx

x* —2x3+2x%2 —-2x+1

2



—2x +4 _ A N B N Cx+D
(x—1D2(x2+1) x—-1 (x—-1)2 x2+1
_A(e-1)(x2+1)+B(x2+1)+(Cx+D) (x—1)?
a (x—1)2(x2+1)

—2x+4=A(x —1D)(*x?*+1)+ B(x?2 + 1) + (Cx + D)(x — 1)?
atx=1-2=0+4+2B+0->B=1

atx =0-4=A(-1)(1) + B(1) + (D)(—1)?
4=—A+B+D

atx=—-1->6=A4(-2)(-2)+2B+(-C+D)(4)
»1=-A—-C+D ..(2)
atx =2 - 0=A(1)(5) + B(5) + (2C + D)(1)
- —5=54+4+2C+D - (3)

From (2) and(3) we have

1=—A—C+D ..(2) xz} 2=-24-2C+2D ..(2)
—5=54+2C+D - (3) —5=544+2C+D ---(3)
—3=34+3D x %

From (1) and(4) we have
3=—A+D ..(1)
—1=A+D ..(4)

2D =2 -»>D=1 andA4d=-2

From (2) we have C=2

3

—-A+D

- —-1=A+D

(1)

.. (4)



x°—x*—3x+5 A B Cx+D
LEtfx4 2x34+2x%-2x+1 dx = _+x +f( (x 1)2 + x2+1) ax

_f 2 1 +2x+1d
a x—1 (x—-1)* x?+1 *

_x2++2l( N 1 +f2xdx+J dx
2 * i x —1 x%2+1 x%+1

x? 1
=—4+x+ — Zln(x—l)——+ln(x + 1) +tan"x+C

1
x22 1

= —+x+ —21 —1) —
> X n(x ) —

+n(x?+1)+tan " x+C



Exercises :

x%*+1
x3—x

dx .

(1) f

x242x+3
(2)f rD—D—2) X

(3)1‘ x%43x+43 do

(x+1)(x%2-1) '

(4)f x3-2x-5 do

x2(x—1)%(x+1)2

x3+3x2%2-2x+1
x*+5x2+4

(5)f
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Integration of Irrational Functions:

If the integral contain a gingle irrational expression of the form

V(ax + b) = (ax + b)a.
1

letz=(ax+b)1—> z9=ax+b — qz% 'dz = adx
- dx = %zq‘ldz.

Example (1): Evaluate the integral I = [

2x+3

) VXx+2

Solution: Letz=(x+2)z2>z?=x+2
> x =2z%—2-2zdz = dx

2x + 3 2(z2—=2)+3
dx=3j

vVx + 2

3

B zzi__ B (2(x+2)5__ 1)
—2(3 Z)+C—2 ; (x+2)2)+c

dx

s =
YA

2zdz = 2 J(Zzz—l) dz



Vx

Example (2): Evaluate the mtegrzil [ = f1+‘§/§ dx
Solution: I = [~ X dx = [ dx

1 +x 1+x4
letz=x+—> z*=x-> 4z3dz=dx

[={ Ve dx—fi4z3dz=4fidz

1+%/x 1
—4f<z — 7234z —z41- )dz
z+1
1, 1, 1
= 4 z —ZZ +32 —5Z +Z—lTl(Z+1)]+C

5 1 1 1

=4 x4——x+ x4——x2 +x4—ln(x4+1)]+C



V4—x?

Example (3): Evaluate the integral 1= [ = dx
1
Va2 _,2)2Z
Solution: = f4x—3xz dx = f(4x+)2 dx
1
z=(4—x?%)2 — 7% =4 — x? - x% =4 —z°
— 2Xx dx——ZZdZ — xdx——z dz
JV4 X2 J(4—x f(4 x?
[ = dx = dx
x3
2
— — d e
| =y e j[(z+2>(z—z> Z+272@-27 "
—z2 A B C D
(z+2)2%(z—-2)2 (z+4+2) (=+2)? (z-2) (12—2)2
Pk L1 "1 s
_8; - 4; - 8) -
1 1 1 1
_ 8 4 8 4 _ 2 _ = _
I_f[(z+2) (z+z)2 (z 2) (z—2)2 ] dz = l"(z+2)+4( 12) sln(z (
—1l Z+ 2 [ ]+C—1l zZ+ 2 [ 2z —1l z+2
nz— 41z + 2 Z—2 8 422 4 _8nz—2

8
1 4—x242 1(\/4—x2>+c
T8 \Va_—xZ_

2 X2




Exercises :

\/_+2

W7
(2)f x\/x — 1dx.

(Manv-
x5 +2x3

(5)) T dx




JalSil) & Zailil) 45, )Lal

Integration of Rational Trigonometric Functions :
If the integral is a rational function of trigonometric, the substitution

of z = tan ~ will reduce the integral to rational function of which can be
handle by method (7).
1 dx dz 2dz

let z =tans —i=tan"lz — &= > dx =
2 2 2 1+2z2 1+2z2
Z 1

sin= = COS~ = V1 + z2
2 1+z2' 2 V1+z2
. . X X 2Z
smx=25m— COS— =
2 1+z2
ZX ZX 1—Z2
COSX = CcO0S“—— Sin“— =
2 2 1422




dx
5—4 cos x

Example (1): Evaluate the integral I = |

Solution: Let z = tang

2dz . 27 1-z2
dx: > SIN X = 5 COSX = 2
1+z 1+2z 1+z
2dz 2dz
...1=j ax =f 1+ 2 =j 1+22
5 —4cosx 5_4(1—22) 5(1 +2z%) —4(1 — z*#)
1+ z2 1477

—f 2dz _Zj dz _Zj dz
S s(+z)-4-22) ) 1+922 ) 14 (32)7

- % tan~13z+C = % tan~! [3 (tang)] + C



dx
3 cos x+4 sinx

Example (1): Evaluate the integral 1= [

Solution: Let z = tang

2dz . 2z 1-z2
dx =——, sinx=—, cosx =
1+z 1+2z 1+2z2

2dz

-1—j dx _f 1+ 42 ‘] 2dz
) 3cosx+4sinx 1 —z2 2z \ J3(1—-2z2)+8z
3<1+Z2)+4(1+Z2)

2dz 2dz dz
213(1—22)+8Z=J3—322+8Z=_2J322—82—3=_Zf(32+1)(z—3)
1 A B A(z—3)+B@Bz+1)
(32+1)(z—3)_(32+1)+(z—3)= Gz+ 1)z -3)

1= A(z-3)+B(3z+1) - A=-—, L
1

3
IZ_ZJ —10](32+1)

10 + 10
(3z+1) (z-3)
X
1 (3z+1 1 3(tan7)+1
= —-n 7 —3 +C =v§ln %
(tani)—S

dz =

j(z—B) —gln(32+1)—1ln(z—3)+C

+C

5



Exercises :

(1) |
(2) |
(3)

r dx

2—COS X
r dx

342 cos x+2Sin x
r ax

tan x —sin x
FTC ax

(4) |

0 1+sinx



